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EXPLICIT UNIFORM BOUNDS FOR BRAUER GROUPS OF
SINGULAR K3 SURFACES
FRANCESCA BALESTRIERI, ALEXIS JOHNSON, AND RACHEL NEWTON
Abstract. Let k be a number field. We give an explicit bound, depending only
on [k : Q], on the size of the Brauer group of a K3 surface X/k that is geometrically
isomorphic to the Kummer surface attached to a product of CM elliptic curves. As
an application, we show that the Brauer–Manin set for such a variety is effectively
computable. In addition, we prove an effective version of the strong Shafarevich
conjecture for singular K3 surfaces by giving an explicit bound, depending only on
[k : Q], on the number of C-isomorphism classes of singular K3 surfaces defined
over k.
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1. Introduction
Let k be a number field with a fixed algebraic closure k and let X be a smooth,
projective, geometrically integral variety over k with structure morphism s : X →
Spec k. The Brauer group of X is defined as BrX := H2e´t(X,Gm) and has a filtration
Br0X := im
(
Br k
s∗−→ BrX
)
⊂ Br1X := ker
(
BrX → BrX)) ⊂ BrX,
where X := X ×k k. In the 1970s, Manin proposed a systematic way to use the
Brauer group to study the set X(k) of rational points of X , as follows (see [Man71]).
Consider the pairing
〈 , 〉BM : X(Ak)× BrX → Q/Z
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given by 〈(xv)v, α〉BM :=
∑
v∈Ωk invv(x
∗
v(α)) where, for each non-trivial place v ∈ Ωk,
the map invv : Br(kv) → Q/Z is the local invariant map coming from class field
theory. Then it is easily seen that the closure X(k) of X(k) in the adelic topology is
contained in the left kernel of this pairing. We call this left kernel the Brauer–Manin
set of X and denote it by X(Ak)
Br. If X satisfies the Hasse principle with Brauer–Manin
obstruction, meaning that X(Ak)
Br = ∅ if and only if X(k) = ∅, and if furthermore
we have a way to effectively compute the Brauer–Manin set X(Ak)
Br, then it follows
that we can effectively decide whether X has a rational point or not. Such effectivity
results are related to Hilbert’s famous tenth problem and its variations.
In this paper we focus on singular K3 surfaces and K3 surfaces that are geometri-
cally Kummer surfaces of products of CM elliptic curves. It is conjectured by Sko-
robogatov (see [Sko09]) that, for any K3 surface X over k, we have X(k) = X(Ak)
Br.
If this conjecture holds, then the problem of determining the qualitative arithmetic
behaviour of the set of rational points of K3 surfaces is reduced to the problem of
understanding their Brauer–Manin sets. A first step towards solving this problem is
to study the relevant Brauer groups. By [KT11, Theorem 1], it turns out that for
effectivity problems concerning the computation of these Brauer–Manin sets, it suf-
fices to effectively bound the size #(BrX/Br0X), which is finite for K3 surfaces (see
[SZ08]). Moreover, for K3 surfaces, Va´rilly-Alvarado has postulated the existence of
uniform bounds for #(BrX/Br0X), although he makes no mention of effectivity of
the bounds in the following conjecture:
Conjecture 1.1 (Strong uniform boundedness [VA17, Conjecture 4.6]). Fix a posi-
tive integer n and a primitive lattice Λ →֒ ΛK3 := U⊕3⊕E⊕28 . Let X be a K3 surface
over a number field of degree n such that NSX ∼= Λ as abstract lattices. Then there
is a constant C(n,Λ), independent of X , such that #(BrX/Br0X) ≤ C(n,Λ).
When X is a K3 surface, explicit uniform bounds are already known for the size
of Br1X/Br0X , see Remark 1.3. Hence the real content of Conjecture 1.1 is the
existence of uniform bounds for the so-called transcendental part of the Brauer group,
BrX/Br1X . Conjecture 1.1 can thus be viewed within the context of a more general
question:
Question 1.2 ([VAV17, Question 1.1]). Let k be a number field. Let Y be a
smooth, projective surface over k with trivial canonical sheaf. Is there a bound
for # im(BrY → Br Y ) that is independent of Y , depending only on, say, h1(Y,OY ),
the geometric Ne´ron–Severi lattice NSY , and [k : Q]?
Our main aim in this paper is to give explicit uniform bounds for #(BrX/Br0X)
in the case where X/k is either a singular K3 surface or geometrically isomorphic to
the Kummer surface associated to a product of CM elliptic curves. In our statements
of the following results, we refer to the theorems in the body of the paper for more
precise expressions.
Theorem (Corollary of Theorem 7.3). Let k be a number field. Let Λ be the Ne´ron–
Severi lattice of the Kummer surface of a product of isogenous (not necessarily full)
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CM elliptic curves over k and let X/k be a K3 surface such that NSX ∼= Λ as abstract
lattices. Then
#
BrX
Br1X
≤ 242 · 312 · π−2 · (#GL20(F3))4 · | disc Λ|2 · [k : Q]4.
We can eliminate the dependence on the lattice Λ and obtain the following result
giving an explicit bound depending only on the degree [k : Q], at the expense of a
larger power of the degree appearing in the bound.
Theorem (Theorem 7.4). Let k be a number field and let X/k be such that X is a
Kummer surface with rankNSX = 20. Then
#
BrX
Br1X
≤ 235 · 34 · 78 · π−2 · (#GL20(F3))4 · [k : Q]12.
For a generalisation of this result to singular K3 surfaces, see Theorem 7.5. For
an analogous result in the case where X is geometrically isomorphic to the Kummer
surface associated to a product of non-isogenous CM elliptic curves, see Theorem 7.6.
Remark 1.3. For any K3 surface X over k, PicX is a free Z-module of rank at most
20, whereby the proof of [VAV17, Lemma 6.4] shows that #(Br1X/Br0X) divides
(#GL20(F3))
20. Hence Theorems 7.3 and 7.4 yield uniform bounds on the size of
BrX/Br0X .
In a recent breakthrough, Orr and Skorobogatov proved Conjecture 1.1 for K3
surfaces of CM type by showing the existence of a bound depending only on the
degree [k : Q], see [OS18, Corollary C.1]. However, it is not clear how to make their
bound effective – let alone explicit. The value of our results lies in their explicit
nature, which allows us to obtain the following effectivity result.
Theorem (Theorem 7.7). Let k be a number field and let X/k be a singular K3
surface or a surface that is geometrically isomorphic to the Kummer surface of the
product of elliptic curves E1 and E2 over C where Ei has CM by an order Oi in a
CM field Ki for i = 1, 2. Then X(Ak)
Br is effectively computable.
It is important to note that we allow complex multiplication by orders other than
the full ring of integers of the CM field. In particular, our objects of study include
varieties not tackled by Valloni in [Val18a, §11], where he gave an effective algorithm
which computes bounds on the size of BrX
Gal(k/k)
(and consequently on BrX/Br1X
and BrX/Br0X) in the case where X/k is a principal CM K3 surface. For examples
of non-principal CM Kummer surfaces attached to products of CM elliptic curves,
see [Ito18, Example 9.8] for some cases where the elliptic curves are not isogenous,
and [Laf19] and [Val18b, Theorem 3.2] for some cases where the elliptic curves are
isogenous. It would be interesting to investigate whether Valloni’s work can be used
to obtain explicit uniform bounds for the transcendental parts of Brauer groups of
principal CM K3 surfaces.
Our results for Kummer surfaces make use of the close relationship between the
transcendental parts of the Brauer groups of abelian surfaces and the associated Kum-
mer surfaces (see [SZ12]). One of the inspirations for our work was the paper [VAV17]
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of Va´rilly-Alvarado and Viray, in which they studied Question 1.2 for abelian surfaces
and Kummer surfaces related to products of isogenous non-CM elliptic curves. In
this context, they showed that the existence of uniform bounds (depending only on
the degree of the base number field) on the odd order transcendental parts of the
relevant Brauer groups is equivalent to the existence of a uniform bound on the odd
parts of integers n for which there exist non-CM elliptic curves with abelian n-division
fields. For a fixed prime ℓ, they gave uniform bounds on the ℓ-primary subgroups
of the transcendental parts of the Brauer groups. In a similar vein, in [CFTTV18]
Cantoral-Farfa´n, Tang, Tanimoto and Visse gave effective bounds for Brauer groups
of Kummer surfaces associated to Jacobians of genus 2 curves over number fields, but
these bounds are not uniform in the degree of the base field only. Our next result is
an example of the kind of uniform bound we obtain in the abelian setting.
Theorem (Theorem 7.2). Let k be a number field and let A/k be an abelian surface
such that rankNSA = 4. Then
#
BrA
Br1A
≤ 251 · 324 · π−2 · 78 · [k : Q]12.
In the course of our work, we obtain bounds for the conductors of endomorphism
rings of CM elliptic curves over number fields, which may be of independent interest.
Theorem (Corollary 4.5). Let k be a number field and let E/k be an elliptic curve
with CM by an order of conductor f in an imaginary quadratic field. Then
f ≤ min{3 · [k : Q]2,max{[k : Q]2, 7}} .
We use this and similar results to obtain bounds on the transcendental parts of
Brauer groups related to products of CM elliptic curves. Our bounds on conductors
also allow us to obtain the following explicit version of the main result of [Sha96]:
Theorem (Theorem 4.10). The number of C-isomorphism classes of singular K3
surfaces defined over number fields of degree at most d is bounded above by
3 ·N3 · d3 · (log(3 ·N2 · d2) + 1) ·#{K imaginary quadratic | hK ≤ N · d},
where N := #GL20(F3).
The quantity #{K imaginary quadratic | hK ≤ N · d} can be bounded explicitly
in terms of d, see Lemma 4.11.
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1.1. Notation and terminology. Throughout this paper, we use the following no-
tation:
k is a field of characteristic 0,
k is a fixed algebraic closure of k,
Γk is the absolute Galois group Gal(k/k) of k,
Ωk is the set of all non-trivial places of k, when k is a number field,
X is a variety over k,
Xl is the base-change X ×Spec k Spec l of X to a field extension l/k,
X denotes Xk,
Br1X denotes ker(BrX → BrX),
Br0X denotes im(Br k → BrX),
Br1X/Br0X is the algebraic part of the Brauer group of X,
BrX/Br1X is the transcendental part of the Brauer group of X.
For an abelian group scheme A over k and an integer d ∈ Z>0, we use the following
notation:
A[d] denotes the d-torsion subgroup of A(k),
A{d} denotes the d-primary part lim−→
n
A[dn] of A(k).
For an elliptic curve E defined over k, we use the following notation:
End(E) denotes the full ring of endomorphisms defined over k,
Endk(E) denotes the subring consisting of endomorphisms that are defined over k.
We say that E/k has complex multiplication (CM) by an order O in an imaginary
quadratic field if End(E) = O. We say that E/k has full CM if End(E) is isomorphic
to the ring of integers of an imaginary quadratic field.
For an imaginary quadratic field K, we use the following notation:
∆K denotes the discriminant of K,
hK denotes the class number of K,
OK denotes the ring of integers of K,
OK,f denotes the order of conductor f inside OK ,
Of denotes the order of conductor f inside OK when K is clear from the context,
Kf denotes the ring class field associated to the order OK,f,
and for an order O in K:
h(O) denotes the class number of O.
Throughout the paper we fix embeddings k →֒ k →֒ C and consider all field extensions
of k of finite degree as subfields of k.
1.2. Acknowledgements. The authors would like to thank Jennifer Berg, Titus
Hilberdink, Jack Petok, Matthias Schu¨tt, Alexei Skorobogatov, Domenico Valloni,
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2. Abelian surfaces of product type
Definition 2.1. Let k be a field of characteristic 0. Denote by Ak the set of abelian
surfaces A/k such that NSA contains a hyperbolic plane. For a lattice Λ containing
a hyperbolic plane, denote by Ak,Λ the set of abelian surfaces A/k such that NSA is
isomorphic to Λ (as an abstract lattice, with no Galois action).
The lemma below shows that Ak consists of the surfaces that are geometrically
isomorphic to products of elliptic curves.
Lemma 2.2 ([VAV17, Lemma 2.8]). Let A be an abelian surface over an algebraically
closed field such that NSA contains a hyperbolic plane. Then A is isomorphic to a
product of elliptic curves. In addition,
• if rankNSA = 2, then the elliptic curves are not isogenous,
• if rankNSA = 3, then the elliptic curves are non-CM, isogenous, and the
degree of a cyclic isogeny between them is 1
2
disc NSA, and
• if rankNSA = 4, then the elliptic curves are isogenous and CM.
Next, we bound the degree of a number field over which an element of Ak becomes
isomorphic to a product of elliptic curves.
Proposition 2.3. Let k be a field of characteristic 0 and let A ∈ Ak. Then there
exist a finite extension L/k with [L : k] ≤ 25 · 32 and elliptic curves E and E ′ over L
such that
AL ∼= E × E ′.
Furthermore, if rankNSA = 2, then [L : k] ≤ 2. If rankNSA = 3, then [L : k] ∈
{1, 2, 3, 4, 6, 8, 12}. If NSA is isomorphic (as an abstract lattice) to the Ne´ron–Severi
lattice of a product of isogenous elliptic curves with CM by K, then [L : k] | 24·3·#O×K.
Proof. We follow the proof of [VAV17, Proposition 2.7]. Let M1,1 := A1 denote the
coarse moduli space of elliptic curves, parametrised by the j-invariant. The coarse
moduli space A2 of principally polarised abelian surfaces contains the Humbert sur-
face H1 := Sym2M1,1, which is the locus of abelian surfaces with product structure.
We have an isomorphism Sym2M1,1 ∼= A2 given by sending the class of (j1, j2) to
(j1 + j2, j1 · j2).
By Lemma 2.2, there exist elliptic curves E and E ′ over k such that A ∼= E × E ′.
Thus the surface A gives rise to a point x ∈ H1(k), which has coordinates (j(E) +
j(E ′), j(E) · j(E ′)) when viewed as a point in A2(k). For any σ ∈ Γk, we have
σ(A) = A, so E ×E ′ ∼= σ(E ×E ′), and thus x ∈ H1(k). Therefore j(E) + j(E ′) and
j(E) · j(E ′) belong to k, and so there is an extension k0/k of degree at most 2 such
that j(E), j(E ′) ∈ k0. Therefore, we may assume that E and E ′ are defined over k0.
Now Ak0 is a twist (as an abelian surface) of E × E ′ and hence corresponds to an
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element of H1(k0,Aut(E × E ′)). Let L/k0 be a field extension. The abelian surface
AL is isomorphic to a product of elliptic curves over L if
[AL] ∈ im(H1(L,Aut(E))× H1(L,Aut(E ′))→ H1(L,Aut(E ×E ′))).
We have three cases depending on the rank of NSA.
Case 1: rankNSA = 2. In this case Aut(E × E ′) = Aut(E) ⊕ Aut(E ′) and hence
H1(k0,Aut(E))×H1(k0,Aut(E ′))→ H1(k0,Aut(E ×E ′)) is an isomorphism. There-
fore, Ak0 is isomorphic to a product of elliptic curves over k0.
Case 2: rankNSA = 3. This is the case treated in [VAV17, Proposition 2.7]. The
authors show that for any φ ∈ H1(k0,Aut(E×E ′)) there exists a field extension L/k0
with [L : k0] ∈ {1, 2, 3, 4, 6} such that
ResL/k0 φ ∈ im(H1(L,Aut(E))×H1(L,Aut(E ′))→ H1(L,Aut(E × E ′))).
Observing that [L : k] = [L : k0] · [k0 : k] and [k0 : k] ≤ 2 yields the result.
Case 3: rankNSA = 4. In this case, E and E ′ are CM and geometrically isogenous.
Let K := End(E)⊗Q = End(E ′)⊗Q be the imaginary quadratic CM field and let
Kk0 denote the compositum taken inside k. Now apply Proposition 2.5 below to EKk0
and E ′Kk0 to see that, replacing E
′
Kk0
by a twist if necessary, we may assume that
there is an isogeny ψ : EKk0 → E ′Kk0 defined over Kk0. The matrix
(
1 0
0 ψ
)
gives an
isogeny EKk0 × EKk0 → EKk0 × E ′Kk0 and we have an injective ring homomorphism
F : End(E × E ′) →֒ End(E × E)⊗Q ∼= M2(K)
given by ϕ 7→
(
1 0
0 1
d
ψ∨
)
◦ ϕ ◦
(
1 0
0 ψ
)
where d := degψ and ψ∨ denotes the dual
isogeny. Note that F respects the action of Gal(k/Kk0) and, moreover, the action of
Gal(k/Kk0) on End(E × E)⊗Q is trivial since K ⊂ Kk0. Therefore,
H1(Kk0,Aut(E ×E ′)) = Homcts(Gal(k/Kk0),Aut(E × E ′)).
Let φ ∈ Homcts(Gal(k/Kk0),Aut(E×E ′)) and let L be the fixed field of φ−1({±I}),
where I denotes (idE , idE′) : E × E ′ → E × E ′. Then im(ResL/Kk0 φ) ⊂ {±I} and
hence ResL/Kk0 φ ∈ im(H1(L,Aut(E)) × H1(L,Aut(E ′)) → H1(L,Aut(E × E ′))). It
remains to bound the degree of L/Kk0. Since φ
−1({±I}) is a normal subgroup of
Gal(k/Kk0), L/Kk0 is Galois and φ induces an isomorphism
Gal(L/Kk0) ∼= imφ
imφ ∩ {±I} .
Since φ is continuous and Aut(E × E ′) is discrete, imφ is finite. We want to bound
the size of imφ
imφ∩{±I} . Applying F , we see that imφ is isomorphic to a finite subgroup
G of GL2(K) ⊂ GL2(C). Let G+ := G ∩ SL2(C). Now G+ is a finite subgroup of
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SL2(K) hence, by Lemma 2.4 below, #(G
+/(G+ ∩ {±I})) divides 12. We have an
exact sequence
0→ G
+
G+ ∩ {±I} →
G
G ∩ {±I} →
G
G+
→ 0
and an injection G/G+ →֒ K× given by the determinant. Since G/G+ is finite, its
image in K× is a subgroup of the group of roots of unity in K, and hence has order
dividing #O×K . We have
#
imφ
imφ ∩ {±I} = #
G
G ∩ {±I} = #
G+
G+ ∩ {±I} ·#
G
G+
whereby [L : Kk0] = #
imφ
imφ∩{±I} divides 12 ·#O×K . Now,
[L : k] = [L : Kk0] · [Kk0 : k0] · [k0 : k]
hence [L : k] divides 12 ·#O×K ·2 ·2 = 24 ·3 ·#O×K. Observing that #O×K ≤ 6 completes
the proof. 
Lemma 2.4. Let K ⊂ C be an imaginary quadratic field and let G+ be a finite
subgroup of SL2(K). Then G
+ is conjugate in SL2(C) to one of
• a cyclic group Cn for n ∈ {1, 2, 3, 4, 6};
• a binary dihedral group BD4n of order 4n for n ∈ {2, 3};
• a binary tetrahedral group BT24 of order 24.
Furthermore, if #G+ is even then −I ∈ G+. In general, #(G+/(G+∩{±I})) divides
12.
Proof. It is well known that a finite subgroup of SL2(C) is conjugate to either a
cyclic group Cn, a binary dihedral group BD4n of order 4n (with n > 1), a binary
tetrahedral group BT24 of order 24, a binary octahedral group BO48 of order 48, or
a binary icosahedral group BI120 of order 120.
Suppose that G+ is conjugate to Cn in SL2(C). Then the eigenvalues of a generator
of G+ are ζn and ζ
−1
n , where ζn denotes a primitive nth root of unity. Since the trace
of the generator is in K, we have ζn + ζ
−1
n ∈ K. Since K is imaginary quadratic and
ζn + ζ
−1
n ∈ K ∩ R = Q, we have n ∈ {1, 2, 3, 4, 6}.
Now suppose that G+ is conjugate to BD4n in SL2(C). Then G
+ contains a
subgroup isomorphic to C2n. Therefore, by the argument for cyclic groups above,
2n ∈ {4, 6}.
Next, observe that the binary octahedral group BO48 contains a cyclic subgroup of
order 8, so cannot be conjugate to G+ for the same reasons outlined above. Likewise,
the binary icosahedral group contains a cyclic subgroup of order 5 so cannot be
conjugate to G+.
It remains to show that the only element of order 2 in SL2(C) is −I. This is easy
to see since the characteristic polynomial of such an element is T 2 − 1 and hence its
minimal polynomial is T + 1. 
Proposition 2.5. Let E and E ′ be elliptic curves defined over a field k of charac-
teristic 0. Suppose that there exists an isogeny φ : E → E ′ defined over k and that
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k contains the field K := End(E)⊗ Q. Then C := kerφ is defined over k and there
exists δ ∈ k× such that E ′δ ∼= E/C, i.e. E ′ is a (quadratic, quartic, cubic or sextic)
twist of E/C. Consequently, there exists a cyclic extension M/k of degree dividing
#O×K and a unique isogeny φM : EM → E ′M that induces φ.
Proof. This follows from [MW90, Lemma 6.1] and its proof. In particular, the proof
in loc. cit. shows that for σ ∈ Γk we have σφσ−1 = ζσ ◦ φ, where ζσ denotes a root
of unity in K = End(E ′) ⊗ Q. From this one easily deduces that σ(ker φ) = kerφ,
and hence that C = ker φ is defined over k. Now φ factors as the composition of the
natural surjection E → E/C and an isomorphism E/C → E ′. Thus E/C is a twist
of E ′, represented by an element δ of H1(k,AutE ′) = H1(k, µn) = k×/k×n for some
n ∈ {2, 4, 6}. The rest is clear. 
Lemma 2.6. Let E and E ′ be elliptic curves defined over a field k of characteristic 0
such that End(E)⊗Q ⊂ k. Suppose that there exists a k-isogeny φ : E → E ′. Then
all isogenies between E and E ′ are induced by isogenies defined over k.
Proof. Let φ : E → E ′ denote the induced isogeny and let φ∨ denote its dual. Then
ψ 7→ φ∨ ◦ ψ gives an injective map of Galois modules Hom(E,E ′)→ End(E). Since
End(E) ⊗ Q ⊂ k, the action of Γk on End(E) is trivial and hence all elements of
Hom(E,E ′) are fixed by Γk, as required. 
The final results in this section show how to read information about the CM orders
of isogenous elliptic curves E1 and E2 from the Ne´ron–Severi lattice of their product.
Proposition 2.7 ([Kan16, Corollary 24]). Let E1 and E2 be isogenous elliptic curves
over an algebraically closed field of characteristic 0. Then
disc NS(E1 × E2) = −(−2)ρ−2 · disc Hom(E1, E2), (2.1)
where ρ := rankNS(E1 × E2) and Hom(E1, E2) is a lattice with pairing 〈ϕ, ψ〉 :=
1
2
(deg(ϕ+ ψ)− deg ϕ− deg ψ).
Note that Lemma 2.2 shows that ρ − 2 = rankHom(E1, E2). In [Kan16], Kani
considers the pairing 〈ϕ, ψ〉 := deg(ϕ+ ψ)− degϕ− degψ on Hom(E1, E2), whence
the power of 2 in (2.1).
Proposition 2.8 ([Kan11, Corollary 42]). Let E1 and E2 be elliptic curves over an
algebraically closed field of characteristic 0 with CM by orders with conductors f1 and
f2, respectively, in an imaginary quadratic field K. Then
disc Hom(E1, E2) = −2−2 · lcm(f1, f2)2 ·∆K
where Hom(E1, E2) is a lattice with pairing 〈ϕ, ψ〉 := 12(deg(ϕ+ψ)− degϕ− degψ).
Proof. This follows immediately from [Kan11, Corollary 42] upon noting that his
∆(qE1,E2) is equal to −4 · disc Hom(E1, E2). 
Combining Propositions 2.7 and 2.8 gives the following corollary.
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Corollary 2.9. Let E1 and E2 be elliptic curves over an algebraically field of charac-
teristic 0 with CM by orders with conductors f1 and f2, respectively, in an imaginary
quadratic field K. Then
discNS(E1 ×E2) = lcm(f1, f2)2 ·∆K .
3. The associated Kummer surfaces
Definition 3.1 ([SZ17, Definition 2.1]). Let k be a field of characteristic 0. Let A
be an abelian surface over k. Any k-torsor T under A[2] gives rise to a 2-covering
ρ : V → A, where V is the quotient of A ×k T by the diagonal action of A[2] and ρ
comes from the projection onto the first factor. Then T = ρ−1(OA) and V has the
structure of a k-torsor under A. The class of T maps to the class of V under the
map H1e´t(k, A[2]) → H1e´t(k, A) induced by the inclusion of group schemes A[2] → A
and, in particular, the period of V divides 2. Let σ : V˜ → V be the blow-up of V
at T ⊂ V . The involution [−1] : A → A fixes A[2] and induces involutions ι on V
and ι˜ on V˜ whose fixed point sets are T and the exceptional divisor, respectively. We
call KumV := V˜ /ι˜ the Kummer surface associated to V (or T ). We remark that the
quotient KumV is geometrically isomorphic to KumA, so in particular it is smooth.
Definition 3.2. For a lattice Λ, denote by Kk,Λ the set of smooth, projective K3
surfaces X/k such that NSX is isomorphic to Λ (as an abstract lattice, with no
Galois action). Let S be the set of lattices that occur as the Ne´ron–Severi lattice of
the Kummer surface of a product of elliptic curves over k, and let Kk :=
⋃
Λ∈S Kk,Λ.
Definition 3.3. Let X := KumY be a Kummer surface over k, where Y → A is
a 2-covering of some abelian surface A over k. Consider the natural blow-up map
X → Y /ιk, where ιk : A → A is the antipodal involution, whose exceptional divisor
consists of 16 pairwise disjoint smooth rational (−2)-curves and forms a sublattice
Z16 ⊂ NSX . The Kummer lattice associated to X, denoted by ΛK , is the saturation
of this sublattice. It can be shown that ΛK is an even, negative-definite lattice of
rank 16 and discriminant 26 whose isomorphism type is independent of the choice of
Y .
The next results allow us to bound the degree of a field extension over which an
element of Kk becomes the Kummer surface attached to a product of elliptic curves.
Proposition 3.4 ([VAV17, Proposition 2.1]). There is a positive integer M such that
for any number field k, and any K3 surface X/k with NSX containing a sublattice
isomorphic to ΛK, there is an extension k0/k of degree at most M such that Xk0 is a
Kummer surface.
Theorem 3.5. Let X := KumY be a Kummer surface over a field k of characteristic
0, where Y → A is a 2-covering of some abelian surface A over k. Assume that
X ∈ Kk. Then there exist a field extension L/k with [L : k] ≤ 25 · 32 and elliptic
curves E and E ′ over L such that
AL ∼= E × E ′.
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Furthermore, if rankNSX = 18, then [L : k] ≤ 2. If rankNSX = 19, then [L : k] ∈
{1, 2, 3, 4, 6, 8, 12}. If NSA is isomorphic (as an abstract lattice) to the Ne´ron–Severi
lattice of a product of isogenous elliptic curves with CM by an imaginary quadratic
field K, then [L : k] | 24 · 3 ·#O×K .
Proof. There is an exact sequence of lattices
0→ ΛK → NSX → NSY → 0,
where ΛK is the Kummer lattice and the map ΛK → NSX is the natural inclusion (see
[SZ12, Remark 2], for example). Since X ∈ Kk, this implies that NSY is isomorphic
as an abstract lattice to NS(E × E ′) for some elliptic curves E and E ′ defined over
k. Since Y ∼= A, this shows that A ∈ Ak. Now apply Proposition 2.3. 
Corollary 3.6. There exists a positive integer M0 such that, for all number fields k
and all surfaces X ∈ Kk, there exist: a field extension L0/k of degree at most M0,
elliptic curves E and E ′ over L0, and a 2-covering Y → E × E ′ such that
XL0
∼= KumY.
Proof. This follows immediately from Proposition 3.4 and Theorem 3.5. 
Remark 3.7. The proof of [VAV17, Proposition 2.1] shows that one may take M =
2 · #GL20(F3) in Proposition 3.4. Therefore, by Theorem 3.5 one may take M0 =
26 · 32 ·#GL20(F3) in Corollary 3.6.
Proposition 3.8. Let E and E ′ be elliptic curves over a field k of characteristic 0
and let Y → E × E ′ be a 2-covering. Then there exists a field extension L1/k with
[L1 : k] ≤ 24 such that YL1 ∼= EL1 ×E ′L1.
Proof. Since f : Y → E ×E ′ is a 2-covering, there exists a field extension L1/k with
[L1 : k] ≤ #(E ×E ′)[2] = 24 such that YL1 ∼= EL1 × E ′L1 . 
Remark 3.9. In Proposition 3.8, if Y → E×E ′ is the trivial 2-covering then we can
take L1 = k.
Corollary 3.10. Let Y be as in Proposition 3.8 and let X := KumY . Then there
exists a field extension L1/k with [L1 : k] ≤ 24 such that, for all n ∈ Z>0,
BrXL1 [n]
Br1XL1 [n]
→֒ Br(EL1 × E
′
L1
)[n]
Br1(EL1 × E ′L1)[n]
, (3.1)
and hence
BrXL1
Br1XL1
→֒ Br(EL1 × E
′
L1
)
Br1(EL1 × E ′L1)
. (3.2)
Proof. By [SZ12, Theorem 2.4], we have an injection
BrX [n]
Br1X [n]
→֒ BrY [n]
Br1 Y [n]
which is an isomorphism if n is odd. Now apply Proposition 3.8. The second
statement follows from the first since the Brauer groups in question are torsion by
[Gro68, Proposition 1.4]. 
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Remark 3.11. For n odd, (3.1) holds with L1 = k and, furthermore, the injection
in (3.1) is an isomorphism. Indeed, if n is odd, apply [VAV17, Proposition 3.3] to the
2-covering f : Y → E ×E ′ to get an isomorphism f ∗ : Br(E×E′)[n]
Br1(E×E′)[n] →
BrY [n]
Br1 Y [n]
.
The next two results show how to obtain information about the CM orders of
isogenous elliptic curves E1 and E2 from the Ne´ron–Severi lattice of Kum(E1 ×E2).
Theorem 3.12 ([Shi07, Theorem 21.3.3]). Let E1 and E2 be elliptic curves over an
algebraically closed field of characteristic 0. Then
| discNS(Kum(E1 ×E2))| = 24 · | discHom(E1, E2)|,
where Hom(E1, E2) is a lattice with pairing 〈ϕ, ψ〉 := 12(deg(ϕ+ψ)− degϕ− degψ).
Corollary 3.13. Let E1 and E2 be elliptic curves over an algebraically closed field k
of characteristic 0 with CM by orders with conductors f1 and f2, respectively, in an
imaginary quadratic field K. Then
| discNS(Kum(E1 ×E2))| = 22 · lcm(f1, f2)2 · |∆K |.
Proof. This is an immediate consequence of Theorem 3.12 and Proposition 2.8. 
4. Bounds on conductors and the Shafarevich conjecture for
singular K3 surfaces
The main results of this section are Theorem 4.9 and Corollary 4.10 which yield an
explicit version of Shafarevich’s finiteness result for C-isomorphism classes of singular
K3 surfaces defined over a number field. We begin with some auxiliary results giving
bounds on conductors of orders in CM fields which will be used first in the proof
of Theorem 4.9 and again later on to obtain bounds on the transcendental parts of
Brauer groups related to products of CM elliptic curves.
Proposition 4.1. Let K be an imaginary quadratic field with class number hK and
let Of be an order of conductor f > 0 in OK. Let Kf denote the ring class field
associated to Of. Then
f · h2K ≤ 2 · [Kf : K]2
unless K ∈ {Q(i),Q(ζ3)} and f is odd and greater than 1.
Proof. Recall the well-known formula for the class number (see e.g. [Cox89, Theorem
7.24])
[Kf : K] = h(Of) = f · hK
[O×K : O×f ]
·
∏
p|f
(
1−
(
∆K
p
)
1
p
)
, (4.1)
where the symbol
(
∆K
p
)
denotes the Legendre symbol for odd primes, while for the
prime 2, the Legendre symbol is replaced by the Kronecker symbol
(
∆K
2
)
, defined as(
∆K
2
)
=

0 if 2 | ∆K
1 if ∆K ≡ 1 (mod 8)
−1 if ∆K ≡ 5 (mod 8).
12
First suppose that K /∈ {Q(i),Q(ζ3)}. Using the fact that O×K = {±1} in (4.1) we
obtain
f · hK = [Kf : K] ·
∏
p|f
p
p−
(
∆K
p
) . (4.2)
For p ≥ 3, we have p
p−
(
∆K
p
) ≤ p
p−1 ≤
√
p, and for p = 2 we have 2
2−
(
∆K
2
) ≤ 2.
Therefore, ∏
p|f
p
p−
(
∆K
p
) ≤ √2 ·∏
p|f
√
p ≤
√
2 ·
√
f. (4.3)
Substituting this into (4.2) and squaring both sides yields the desired result.
Now suppose that K = Q(i) and assume that f is even. Then (4.1) yields
f · hK = 2 · [Kf : K] ·
∏
p|f
p
p−
(
−4
p
) . (4.4)
Since
(
−4
2
)
= 0 we have
∏
p|f
p
p−
(
∆K
p
) ≤ 1√
2
·
∏
p|f
√
p ≤
√
f√
2
.
Substituting this into (4.4) and squaring both sides yields the desired result.
Finally suppose that K = Q(ζ3) and assume that f is even. Then (4.1) yields
f · hK = 3 · [Kf : K] ·
∏
p|f
p
p−
(
−3
p
) . (4.5)
Since
(
−3
2
)
= −1 we have
3 ·
∏
p|f
p
p−
(
∆K
p
) ≤ √2 ·√f.
Substituting this into (4.5) and squaring both sides yields the desired result. 
Proposition 4.2. Let K be an imaginary quadratic field and let Of be an order of
conductor f > 0 in OK . Let Kf denote the ring class field associated to Of. Then
(1) if K = Q(
√−7), we have f ≤ max{[Kf : K]2, 2};
(2) if K = Q(i), we have f ≤ max{[Kf : K]2, 5};
(3) if K = Q(ζ3), we have f ≤ max{[Kf : K]2, 7};
(4) in all other cases, f ≤ [Kf : K]2.
In all cases,
f ≤ 3 · [Kf : K]2.
Remark 4.3. We note that the bounds given in Proposition 4.2 are far from optimal,
as is clear by considering, for example, the case when f = 1 (i.e. when Of = OK).
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Proof. If hK ≥ 2 then the result follows from Proposition 4.1. Henceforth suppose
that hK = 1. Since there are only nine imaginary quadratic fields with class number
1, one could simply check the result for these nine fields. Alternatively, observe that
if
(
∆K
2
) 6= 1 then
2
2− (∆K
2
) ≤ √2
and the proof of Proposition 4.1 shows that f ≤ [Kf : K]2 for K /∈ {Q(i),Q(ζ3)}.
The only imaginary quadratic field K with hK =
(
∆K
2
)
= 1 is Q(
√−7). Thus the
exceptional cases we have to deal with are Q(
√−7),Q(i) and Q(ζ3).
Let K = Q(
√−7). Then all odd primes satisfy
p
p−
(
−7
p
) ≤ √p√
2
so if f is divisible by any odd prime then the proof of Proposition 4.1 shows that
f ≤ [Kf : K]2. From (4.2), it is easily seen that if f = 2a with a ≥ 2 then f ≤ [Kf : K]2.
Now let K = Q(i) and f > 1. In this case (4.1) gives
f = 2 · [Kf : K] ·
∏
p|f
p
p−
(
−4
p
) . (4.6)
For p = 3 and p ≥ 7 we have
p
p−
(
−4
p
) ≤ √p
2
so if f is divisible by 3 or by some p ≥ 7 then using this bound in (4.6) shows that
f ≤ [Kf : K]2. Now suppose that f = 2a · 5b for some a, b ≥ 0. In this case (4.6) shows
that
[Kf : K] =
{
2a+1 · 5b−1 if b ≥ 1
2a−1 if b = 0.
From this, it is easily seen that the only cases where f > [Kf : K]
2 are when f ∈ {2, 5}
and in these cases f ≤ 3 · [Kf : K]2.
Finally, let K = Q(ζ3) and f > 1. In this case (4.1) gives
f = 3 · [Kf : K] ·
∏
p|f
p
p−
(
−3
p
) . (4.7)
For p ≥ 11 we have
p
p−
(
−3
p
) ≤ √p
3
so if f is divisible by some p ≥ 11 then using this bound in (4.7) gives f ≤ [Kf : K]2.
Moreover, for all p we have
p
p−
(
−3
p
) ≤ √p√
3
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so if f is divisible by two distinct primes then using this bound in (4.7) shows that
f ≤ [Kf : K]2. Thus one may assume that f = pa for some p ≤ 7 and a ≥ 1. Using
(4.7), one deduces that the only cases where f > [Kf : K]
2 are when f ∈ {2, 3, 5, 7}
and in these cases f ≤ 3 · [Kf : K]2. 
Remark 4.4. An alternative bound is f ≤ max{[Kf : K]2, 52 · [O×K : O×f ] · [Kf : K]}.
It can be easily checked that the inequality f ≤ 5
2
· [O×K : O×f ] · [Kf : K] holds in all
cases in the proof of Proposition 4.2.
Corollary 4.5. Let k be a number field and let E/k be an elliptic curve with CM by
an order of conductor f in an imaginary quadratic field K. Then Kf ⊂ Kk and hence
f satisfies the bounds of Propositions 4.1 and 4.2 with [Kk : K] or [k : Q] in place of
[Kf : K]. In particular,
f ≤ max{[k : Q]2, 7} and
f ≤ 3 · [k : Q]2.
Proof. The theory of complex multiplication tells us that Kf = K(j(E)). Since E is
defined over k, we have K(j(E)) ⊂ Kk. 
Corollary 4.6. Let d ∈ Z>0 and let K be an imaginary quadratic field. Then the
number of C-isomorphism classes of elliptic curves defined over number fields of
degree at most d with (not necessarily full) CM by K is equal to
2 if d = 1 and K ∈ {Q(√−7),Q(i)};
3 if d = 1 and K = Q(ζ3);
9 if d = 2 and K = Q(ζ3).
In all other cases, the number of C-isomorphism classes of elliptic curves defined
over number fields of degree at most d with (not necessarily full) CM by K is bounded
above by d3.
Proof. Let Of denote the order of conductor f in OK . Then the theory of com-
plex multiplication shows that the number of isomorphism classes of complex elliptic
curves with CM by Of is equal to the class number h(Of). We call a conductor f
d-permissible if there exists an elliptic curve E defined over a number field of degree
at most d with EndE = Of. In this case the theory of complex multiplication shows
that h(Of) = [K(j(E)) : K] ≤ d. The total number of C-isomorphism classes of
elliptic curves defined over number fields of degree at most d with CM by K is given
by ∑
d−permissible f
h(Of) ≤
∑
d−permissible f
d.
Corollary 4.5 and Proposition 4.2 show that in most cases if f is d-permissible then
f ≤ d2, which gives the desired result. The exceptional cases are
(1) K = Q(
√−7) and d = 1, in which case f ≤ 2;
(2) K = Q(i) and d ≤ 2, in which case f ≤ 5;
(3) K = Q(ζ3) and d ≤ 2, in which case f ≤ 7.
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The results for the exceptional cases listed above with d = 1 are well known – see
[Sil94, Appendix A §3], for example. It remains to tackle cases (2) and (3) when
d = 2. For this, we use Corollary 4.5 and Proposition 4.2.
(2) The number of C-isomorphism classes of elliptic curves defined over number
fields of degree at most 2 with CM by Q(i) is given by∑
f≤5
2−permissible f
h(Of). (4.8)
We calculate that h(Z[i]) = h(Z[2i]) = 1 and h(Of) = 2 for 3 ≤ f ≤ 5. So∑5
f=1 h(Of) = 1 + 1 + 2 + 2 + 2 = 8 = d3 and so this case is compatible with
the usual bound for the non-exceptional cases.
(3) The number of C-isomorphism classes of elliptic curves defined over number
fields of degree at most 2 with CM by Q(ζ3) is given by∑
f≤7
2−permissible f
h(Of). (4.9)
We calculate that h(Of) = 1 for 1 ≤ f ≤ 3, h(Of) = 2 for f ∈ {4, 5, 7} and h(O6) = 3,
so 6 is not 2-permissible. Using Sage [The20] for example, one can check that the
other values of f are all 2-permissible – there are two non-rational CM j-invariants
defined over Q(
√
3) with CM by the order of conductor 4 in Z[ζ3], for example. 
Proposition 4.7. Let d ∈ Z with d ≥ 2. Then the number of C-isomorphism classes
of elliptic curves defined over number fields of degree at most d with (not necessarily
full) CM is bounded above by
d3 ·#{K imaginary quadratic | hK ≤ d}.
The number of C-isomorphism classes of elliptic curves defined over Q with (not
necessarily full) CM is 13.
Proof. We say that an imaginary quadratic field K is d-permissible if there exists an
elliptic curve E defined over a number field of degree at most d with EndE = O for
some order O in K. In this case, since hK | h(O) and h(O) = [K(j(E) : K] ≤ d, we
have hK ≤ d. The result will follow from applying Corollary 4.6 and summing over
d-permissible fields K. The result for Q is well known. It follows from Corollary 4.6
and the fact that there are 9 imaginary quadratic fields K with class number 1.
For d ≥ 3, the result follows immediately from Corollary 4.6. Now suppose that
d = 2. Corollary 4.6 shows that the contribution from Q(ζ3) is 9, rather than d
3 = 8.
However, this is compensated for by the fact that the contribution from Q(
√−7) is
at most 4, as we now show. As we saw in the proof of Corollary 4.6, the contribution
from Q(
√−7) is given by ∑
2−permissible f
h(Of)
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and if f is 2-permissible then h(Of) is at most 2, whence Proposition 4.2 shows that
f ≤ 4. Now (4.1) gives
h(Of) = f ·
∏
p|f
(
1−
(−7
p
)
1
p
)
whereby h(O3) = 4 and hence 3 is not 2-permissible. Thus, the contribution from
Q(
√−7) is bounded above by h(OQ(√−7)) + h(O2) + h(O4) = 1 + 1 + 2 = 4. 
Remark 4.8. In [DLR15, Theorem 1.1], Daniels and Lozano-Robledo show that
if k/Q is an extension of odd degree then the number of distinct CM j-invariants
defined over k is at most 13 + 2 log3([k : Q]). However, the odd degree case is
very rare – in [DLR15, Corollary 2.4] the authors show that if K/Q is an imaginary
quadratic field with odd class number then K = Q(
√−d) where d is equal to 1, 2 or a
prime q ≡ 3 (mod 4). For a numerical illustration of the scarcity of CM j-invariants
defined over fields of odd degree compared to those defined over fields of even degree,
see [DLR15, Table 2].
Theorem 4.9. For a number field k, let Sk denote the set of C-isomorphism classes
of singular K3 surfaces X such that both X and a set of generators for NSX are
defined over k. For d ∈ Z>0, let Sd =
⋃
[k:Q]≤d Sk. Then
#Sd ≤ 3 · d3 · (log(3 · d2) + 1) ·#{K imaginary quadratic | hK ≤ d}.
Proof. Let k be a number field of degree at most d and let X ∈ Sk. The isomorphism
class ofXC is determined by the isomorphism class of its transcendental lattice T (XC)
(see [Huy16, §14, Corollary 3.21]). Let c = disc T (XC) and let K = Q(
√
c). Define
f ∈ Z>0 by letting c = f2 ·∆K . Then by [Sch10, Theorem 2], the ring class field Kf is
contained in kK and hence [Kf : K] ≤ [kK : K] ≤ [k : Q] ≤ d. Now Proposition 4.2
shows that
f ≤ 3[Kf : K]2 ≤ 3[k : Q]2 ≤ 3 · d2. (4.10)
Also, since the Hilbert class field is contained in Kf, we have hK ≤ d.
Work of Shioda and Inose in [SI77] shows that T (XC) = T (A) for A = C/OK,f ×
C/a where OK,f denotes the order of conductor f in OK and a is a lattice in K with
ring of multipliers OK,fa with fa | f. The number of homothety classes of lattices with
ring of multipliers OK,fa is equal to the class number h(OK,fa). Our observations thus
far show that
#Sd ≤
∑
K imaginary quadratic
hK≤d
∑
f≤3·d2
∑
fa|f
h(OK,fa). (4.11)
Since fa | f, we have Kfa ⊂ Kf ⊂ kK. Therefore,
h(OK,fa) = [Kfa : K] ≤ [k : Q] ≤ d. (4.12)
Substituting (4.12) into (4.11) and writing τ for the number-of-divisors function gives
#Sd ≤ d ·
∑
K imaginary quadratic
hK≤d
∑
f≤3·d2
τ(f). (4.13)
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Now recall that
∑M
n=1 τ(n) =
∑M
r=1⌊Mr ⌋ ≤M
∑M
r=1
1
r
≤M(logM + 1). Using this in
(4.13) yields
#Sd ≤ 3 · d3 · (log(3 · d2) + 1) ·#{K imaginary quadratic | hK ≤ d}. 
Corollary 4.10. The number of C-isomorphism classes of singular K3 surfaces de-
fined over number fields of degree at most d is bounded above by
3 ·N3 · d3 · (log(3 ·N2 · d2) + 1) ·#{K imaginary quadratic | hK ≤ N · d}
where N := #GL20(F3).
Proof. Let X be a singular K3 surface defined over a number field k. Recall that
NSX = PicX is a free Z-module of rank 20 whose generators are all defined over
some finite extension of k. Since any finite subgroup of GL20(Z) injects into GL20(F3),
the Galois representation ρ : Γk → AutNSX →֒ GL20(Z) factors through Gal(k0/k)
for a Galois extension k0/k of degree at most #GL20(F3). Now apply Theorem 4.9
to Xk0 . 
As the following lemma shows, it is possible to obtain upper bounds for the quantity
#{K imaginary quadratic | hK ≤ N} for any given N .
Lemma 4.11. Let N ≥ 1 be an integer. Then
#{K imaginary quadratic | hK ≤ N} ≤ xN
2
,
where xN is the unique real solution in the range x ≥ 55 to the equation 4
√
x
14·log x = N .
Proof. Let K be an imaginary quadratic number field such that hK ≤ N . By [Bes03,
pp.240-241], we know that
4
√|∆K |
28 · log(√|∆K |) ≤ hK .
The function f(x) :=
4√x
14·log x is strictly increasing and unbounded for real x ≥ 55.
Hence, for x ≥ 55, there exists a unique real solution xN ≥ 55 to the equation
f(x) = N.
Therefore, hK ≤ N implies |∆K | ≤ xN . Furthermore, the field K is uniquely deter-
mined by its discriminant, which satisfies ∆K ≡ 0, 1 mod 4. Hence, there are at most
xN/2 imaginary quadratic fields K with hK ≤ N . 
Remark 4.12. In [Sou07, Theorem 1], Soundararajan shows that for N sufficiently
large
#{K imaginary quadratic | hK ≤ N} = 3ζ(2)
ζ(3)
·N2 +Oǫ(N2 · (logN)− 12+ǫ),
where the implied constants in the error term are not explicit. This shows that the
bound in Lemma 4.11, although explicit, is far from optimal.
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5. The transcendental part of the Brauer group of the self-product
of a CM elliptic curve
In this section, we obtain uniform bounds for the transcendental part of the Brauer
group of E ×E. The key result that we will use to compute the transcendental part
of the Brauer group of a product of elliptic curves is the following:
Theorem 5.1 (Skorobogatov – Zarhin, [SZ12, Proposition 3.3]). Let E and E ′ be
elliptic curves over a field k of characteristic 0 and let n ∈ Z>0. Then there is an
isomorphism of abelian groups
Br(E × E ′)[n]
Br1(E ×E ′)[n]
∼= Homk(E[n], E
′[n])
(Hom(E,E ′)⊗ Z/nZ)Γk .
We will apply this result in the case where E = E ′. The special case where E
has full CM was addressed in [New16]. The following definition is needed for the
description of the ℓ-primary part of Br(E × E)/Br1(E × E) in Theorem 5.3 below.
Definition 5.2 ([New16, Definition 1]). Let E be an elliptic curve over a number
field k with CM by the ring of integers of an imaginary quadratic field K. For a prime
number ℓ ∈ Z>0, define mℓ(E) to be the largest integer n such that for all primes q of
kK that are of good reduction for F and coprime to ℓ, the Gro¨ssencharakter ψE/kK
satisfies
ψE/kK(q) ∈ OK,ℓn,
where OK,ℓn denotes the order in OK of conductor ℓn.
Theorem 5.3 (Newton). Let E be an elliptic curve over a number field k with CM
by the ring of integers of an imaginary quadratic field K, let ℓ be a prime number
and let m := mℓ(E) be as defined in Definition 5.2. Then
Br(E × E)
Br1(E × E){ℓ}
∼=

(
Z/ℓmZ
)2
if K ⊂ k,
Z/2mZ× Z/2Z if K 6⊂ k, ℓ = 2 and E[2] = E[2](k),
Z/ℓmZ otherwise.
(5.1)
Proof. See [New16, Theorems 2.5 and 2.9]. 
Remark 5.4. Since the Gro¨ssencharakter determines the action of ΓkK on E[2],
we note that E[2] = E[2](k) implies m2(E) ≥ 1. If K 6⊂ k, then E[2] = E[2](k)
also implies 2 | ∆K . This is seen by taking a basis
{
P,
(
∆K+
√
∆K
2
)
P
}
for E[2] and
considering the action of complex conjugation.
In order to use Theorem 5.3 to obtain uniform bounds on the size of the transcen-
dental part of the Brauer group of E ×E, we need to bound ∏ℓ prime ℓmℓ(E) in terms
of the degree of the field of definition of E. This is achieved by the following lemma
in combination with Proposition 4.2.
Lemma 5.5. Let k be a number field. Let E be a CM elliptic curve over k with
EndE = OK for some imaginary quadratic field K/Q. Let mℓ := mℓ(E) be as in
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Definition 5.2. Let c :=
∏
ℓ prime ℓ
mℓ and let Kc denote the ring class field associated
to Oc. Then
Kc ⊂ kK.
Proof. Let q be a finite prime of kK of good reduction for E and coprime to c. We
will show that q splits completely in kKc/kK. Then [CF10][Exercise 6.1] will allow
us to conclude that Kc ⊂ kK, as desired.
Recall that, given an abelian extension of number fields M/F and a prime ideal r
of OF that is unramified in M/F , the Artin symbol (r,M/F ) is the unique element
σ ∈ Gal(M/F ) such that, for all α ∈ OM ,
σ(α) ≡ αNF/Q(r) (mod s)
where s is a prime of M above r. Showing that q splits completely in kKc/kK is
equivalent to showing that (q, kKc/kK) = 1. It will suffice to show that the restriction
(q, kKc/kK)|Kc ∈ Gal(Kc/K) is trivial. Let NkK/K(q) = pfq/p , where p = q∩OK and
fq/p = [OkK/q : OK/p]. Then NkK/Q(q) = NK/Q(p)fq/p . We have
(q, kKc/kK)|Kc = (p, Kc/K)fq/p = (pfq/p , Kc/K). (5.2)
By [Sil94, Theorems II.9.1 and II.9.2], the value ψE/kK(q) of the Gro¨ssencharakter
at q generates the principal ideal NkK/K(q) = p
fq/p . By definition of mℓ, we have
ψE/kK(q) ∈ Oℓmℓ = Z+ ℓmℓOK for all prime numbers ℓ. Thus, ψE/kK(q) ∈
⋂
ℓOℓmℓ =
Oc = Z+cOK . By definition of the ring class fieldKc, this implies that (pfq/p , Kc/K) =
((ψE/kK(q)), Kc/K) = 1, as required. 
Now we deal with the more general case where the elliptic curve E has CM by an
order in the ring of integers of an imaginary quadratic field. In the next lemma we
compute (End(E)⊗ Z/nZ)Γk .
Lemma 5.6. Let E be an elliptic curve over a field k of characteristic 0, with CM
by an order of conductor f in an imaginary quadratic field K. Let n ∈ Z>0.
(1) If K ⊂ k then (End(E)⊗ Z/nZ)Γk = End(E)⊗ Z/nZ ∼= (Z/nZ)2.
(2) If K 6⊂ k then
(End(E)⊗ Z/nZ)Γk ∼=
{
Z/nZ× Z/2Z if 2 | f ·∆K and 2 | n;
Z/nZ otherwise.
Proof. If K ⊂ k, then Γk acts trivially on End(E), and (1) follows immediately. It
remains to prove (2). Henceforth, we assume that K = Q(
√−d) 6⊂ k.
First suppose that 2 ∤ ∆K . Then any φ ∈ End(E) is of the form a + bf(1+
√−d
2
) for
some a, b,∈ Z, and a simple calculation shows that the image of φ in End(E)⊗Z/nZ
is fixed by Γk if and only if 2b ≡ fb ≡ 0 (mod n). If either f or n is odd then these
congruences imply that b ≡ 0 (mod n) and hence (End(E) ⊗ Z/nZ)Γk ∼= Z/nZ. If
both f and n are even then the two congruences simply reduce to 2b ≡ 0 (mod n)
and (End(E)⊗ Z/nZ)Γk ∼= Z/nZ× Z/2, as claimed.
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Now suppose that 2 | ∆K . Then any φ ∈ End(E) is of the form a + bf
√−d for
some a, b, f ∈ Z, and the image of φ in End(E)⊗ Z/nZ is fixed by Γk if and only if
2b ≡ 0 (mod n). This yields the desired result. 
To make use of Theorem 5.1, we must also analyse Endk(E[n]). For this we use
some ideas from [VAV17] and [VAV20]. Let n be a positive integer and let E be an
elliptic curve over a field k of characteristic 0. Let
ρE,n : Γk → Aut(E[n]) ∼= GL2(Z/nZ)
denote the Galois representation coming from the action of Galois on the n-torsion
of E.
Definition 5.7 ([VAV20, Definition A.1]). Let n be a positive integer. A subgroup
H of GL2(Z/nZ) is liftable abelian if there exists an abelian subgroup Ĥ < GL2(Ẑ)
such that Ĥ surjects onto H under the natural quotient map GL2(Ẑ)→ GL2(Z/nZ).
(In particular, a liftable abelian subgroup is abelian.)
Proposition 5.8 ([VAV20, Corollary A.4]). Let E be an elliptic curve over a field k
of characteristic 0 and let n ∈ Z>0. Then we have an isomorphism of abelian groups
Endk(E[n]) ∼= Z/nZ× Z/sE,nZ× (Z/tE,nZ)2
for positive integers tE,n | sE,n | n. Furthermore, sE,n is the largest integer s dividing
n such that Gal(k(E[s])/k) is liftable abelian and tE,n is the largest integer t dividing
n such that Gal(k(E[t])/k) ⊂ (Z/tZ)× where a ∈ (Z/tZ)× acts by P 7→ aP .
Remark 5.9. An example where im ρE,n is abelian but not liftable abelian is as
follows. Take k = Q(
√
2) and let E/k be the elliptic curve 64.1-a3 in the LMFDB
tables (see [LMF19, Elliptic Curve 64.1-a3]) with CM by Z[
√−2]. Choose a basis of
the form P,
√−2P for E[4]. With respect to such a basis, one can calculate using
the methods of [New16] that the Z/4Z-submodule of End(E[4]) generated by im ρE,4
is equal to the Z/4Z-span of I,
(
2 0
0 0
)
and
(
0 0
2 0
)
. Thus, im ρE,4 is abelian but
[VAV20, Lemma A.7] shows that it is not liftable abelian.
Lemma 5.10. Let E and E ′ be elliptic curves over a field k of characteristic 0 and
let ϕ : E → E ′ be an isogeny of degree d defined over k. Then for all primes ℓ and
all n ∈ Z≥0, ϕ induces a Galois-equivariant surjection
ϕ : E[ℓn+ordℓ d]։ E ′[ℓn]
and hence a surjection
Gal(k(E[ℓn+ordℓ d])/k)։ Gal(k(E ′[ℓn])/k).
Proof. Let P ′ ∈ E ′[ℓn]. Then P ′ = ϕ(P ) for some P ∈ E(k). Since
[ℓn]P ′ = ([ℓn] ◦ ϕ)(P ) = (ϕ ◦ [ℓn])(P ),
we have [ℓn]P ∈ ker(ϕ). Writing ϕˆ for the dual isogeny, we have
[dℓn]P = (ϕˆ ◦ ϕ)([ℓn]P ) = 0.
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Therefore, P = P1 + P2 for some P1 ∈ E[ℓn+ordℓ d] and P2 ∈ E[ dordℓ d ]. Since ϕ(P1)
is a point of E ′ with order a power of ℓ, the same is true for ϕ(P2) = P ′ − ϕ(P1).
Since P2 ∈ E[ dordℓ d ], and ℓ ∤ dordℓ d , we deduce that ϕ(P2) = 0, and hence P ′ = ϕ(P1).
This proves the existence of the first surjection. Since ϕ is defined over k, it is Galois
equivariant, whence the second surjection. 
The following fact is well known, but we give a proof here since we were unable to
find one in the literature.
Lemma 5.11. Let k be a field of characteristic 0. Let E be an elliptic curve over
k with CM by an order O of conductor f in an imaginary quadratic field K. Then
there exists a cyclic k-isogeny ϕ : E → E ′ of degree f, where E ′ is an elliptic curve
over k with CM by OK .
Proof. The complex elliptic curve EC corresponds to C/L for some lattice L. Since
E has CM by O, the lattice L is homothetic to b for some invertible O-ideal b. In
other words L = λb for some λ ∈ C×. Now the natural surjection C/λb։ C/λbOK
corresponds to a cyclic C-isogeny ϕ : EC → E ′C where E ′C has CM by OK . Moreover,
degϕ = [λbOK : λb] = [OK : O] = f.
Now let L′ be an arbitrary lattice containing λb as a sublattice of index f such that
{z ∈ C | zL′ ⊂ L′} = OK . Any such lattice corresponds to an elliptic curve E ′′C with
CM by OK and with a C-isogeny EC → E ′′C of degree f. Now λ−1b−1L′ contains O as
a sublattice of index f. Furthermore, since {z ∈ C | zL′ ⊂ L′} = OK , we know that
L′ is homothetic to an invertible OK-ideal. Therefore, we can write λ−1b−1L′ = µa
for some invertible OK-ideal a and some µ ∈ C×. Since 1 ∈ O ⊂ µa, we have µ = a−1
for some a ∈ a. Writing out [a−1OK : O] in two different ways gives
[a−1OK : OK ][OK : O] = [a−1OK : a−1a][a−1a : O].
Since [a−1a : O] = [λ−1b−1L′ : O] = f = [OK : O] we obtain [a−1OK : OK ] =
[a−1OK : a−1a]. Therefore λ−1b−1L′ = a−1a = OK and hence L′ = λbOK . Thus any
C-isogeny of degree f to an elliptic curve with CM by OK has the same kernel as ϕ.
In particular, noting that any C-isogeny is actually already defined over k, if σ ∈ Γk
then σ ◦ϕ◦σ−1 gives a C-isogeny of degree f to an elliptic curve with CM by OK . Its
kernel is σ(kerϕ). Hence, by the argument above, σ(kerϕ) = kerϕ. Since this is true
for any σ ∈ Γk, we deduce that kerϕ is defined over k. Now the natural surjection
E → E/ kerϕ is our desired k-isogeny. 
Corollary 5.12. Let k be a field of characteristic 0. Let E be an elliptic curve
over k with CM by an order of conductor f in an imaginary quadratic field K. Let
ϕ : E → E ′ be an isogeny of degree f to an elliptic curve with CM by OK as in
Lemma 5.11. Let ℓ be a prime and let n ∈ Z≥0. Then
sE,ℓn+ordℓ f ≤ ℓordℓ f · sE′,ℓn and tE,ℓn+ordℓ f ≤ ℓordℓ f · tE′,ℓn.
Proof. This follows from Lemma 5.10. 
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We will use the following well-known fact several times in the proof of Theorem 5.13
below. Let E be a CM elliptic curve over a number field. Then
Br(E ×E) ∼= (Q/Z)2. (5.3)
This follows from work of Grothendieck.
Theorem 5.13. Let E be an elliptic curve over a number field k with CM by an order
of conductor f in an imaginary quadratic field K. Let ϕ : E → E ′ be an isogeny of
degree f to an elliptic curve with CM by OK as in Lemma 5.11. Let ℓ be a prime.
(1) If K ⊂ k, then
Br(E × E)
Br1(E × E){ℓ}
∼= (Z/ℓaZ)2
for some a ≤ mℓ(E ′) + ordℓ f.
(2) If K 6⊂ k, then
Br(E × E)
Br1(E ×E){ℓ}
∼= Z/ℓaZ
for some a ≤ mℓ(E ′) + ordℓ f, unless ℓ = 2 and E[2] = E[2](k), in which case
Br(E × E)
Br1(E ×E){2}
∼= Z/2aZ× Z/2Z
for some a ≤ m2(E ′) + ord2 f+ 1. In fact, a ≤ m2(E ′) + ord2 f unless 2 | ∆K
and E ′[2] 6= E ′[2](k).
Remark 5.14. Note that if K 6⊂ k, then E[2] = E[2](k) implies 2 | f · ∆K . This
is seen by considering the action of complex conjugation on E[2], as in Remark 5.4.
Furthermore, if 2 ∤ f then Lemma 5.10 shows that E[2] = E[2](k) if and only if
E ′[2] = E ′[2](k).
Proof of Theorem 5.13. By [New16, Lemma 2.1], we have
Br(E × E)
Br1(E ×E){ℓ} =
Br(E × E){ℓ}
Br1(E ×E){ℓ} .
Let n ∈ Z≥0 and apply Theorem 5.1 to E × E. Let m = mℓ(E ′).
(1) If K ⊂ k then Lemma 5.6 and Proposition 5.8 give
Endk(E[ℓ
n])
(End(E)⊗ Z/ℓnZ)Γk
∼= (Z/tE,ℓnZ)2.
Our task is now to bound tE,ℓn for n large. By Corollary 5.12 it suffices to show
that, for all r ∈ Z≥0, tE′,ℓr ≤ ℓm. This follows from Lemma 5.6, Proposition 5.8 and
Theorem 5.3 applied to E ′.
(2) If K 6⊂ k and at least one of ℓ, f ·∆K is odd then Lemma 5.6 and Proposition 5.8
give
Endk(E[ℓ
n])
(End(E)⊗ Z/ℓnZ)Γk
∼= Z/sE,ℓnZ× (Z/tE,ℓnZ)2.
By (5.3), Br(E × E)/Br1(E × E) is an abelian group of rank at most 2. Therefore,
tE,ℓn = 1. It remains to bound sE,ℓn for n large. By Corollary 5.12 it suffices to
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show that, for all r ∈ Z≥0, we have sE′,ℓr ≤ ℓm. This follows from Lemma 5.6,
Proposition 5.8, Theorem 5.3 and Remark 5.4 applied to E ′.
From now on, we assume that K 6⊂ k, ℓ = 2 and 2 | f · ∆K . So Lemma 5.6 and
Proposition 5.8 give
Endk(E[2
n])
(End(E)⊗ Z/2nZ)Γk
∼= Z/sE,2nZ × (Z/tE,2nZ)
2
Z/2Z
.
Since Br(E ×E)/Br1(E × E) has rank at most 2 we find that tE,2n ≤ 2.
First suppose that E[2] 6= E[2](k). Then tE,2n = 1 for all n ≥ 0 and hence
Endk(E[2
n])
(End(E)⊗ Z/2nZ)Γk
∼= Z/sE,2nZ
Z/2Z
∼= Z
(sE,2n/2)Z
.
Now Lemma 5.6, Proposition 5.8 and Theorem 5.3 applied to E ′ show that, for all
r ∈ Z≥0, we have sE′,2r ≤ 2m+1. Hence, Corollary 5.12 shows that, for all r ∈ Z≥0,
we have sE,2r+ord2 f ≤ 2m+1+ord2 f. Therefore, for large n we have sE,2n/2 ≤ 2m+ord2 f,
as required.
Now suppose that E[2] = E[2](k). Then, by definition of tE,2n , we have tE,2n = 2
for all n ≥ 1 and hence
Endk(E[2
n])
(End(E)⊗ Z/2nZ)Γk
∼= Z/sE,2nZ× (Z/2Z)
2
Z/2Z
.
Again, since Br(E ×E)/Br1(E × E) has rank at most 2 we find that
Endk(E[2
n])
(End(E)⊗ Z/2nZ)Γk
∼= Z/sE,2nZ× Z/2Z.
By Corollary 5.12, for all r ∈ Z≥0, we have sE,2r+ord2 f ≤ 2ord2 f · sE′,2r . For large
n, it follows from Lemma 5.6, Proposition 5.8 and Theorem 5.3 applied to E ′ that
sE′,2n ≤ 2m+1. When performing this calculation, one observes that the upper bound
on sE′,2n can only be achieved if 2 | ∆K and tE′,2n = 1. The latter condition is
equivalent to E ′[2] 6= E ′[2](k). 
Corollary 5.15. Let E be an elliptic curve over a number field k with CM by an
order of conductor f in an imaginary quadratic field K.
#
Br(E ×E)
Br1(E × E) | 2 · f
2 · [k : Q]4 ·
∏
ℓ prime, ℓ∤[k:Q](
ℓ−
(
∆K
ℓ
))∣∣[O×K :O×ℓ ]·[k:Q]
ℓ2. (5.4)
If [k : Q] ≥ 2 then
#
Br(E × E)
Br1(E × E) ≤ f
2 · [k : Q]4. (5.5)
Remark 5.16. Note that [O×K : O×ℓ ] divides 6. Therefore 6 could be used in place
of [O×K : O×ℓ ] in (5.4).
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Proof of Corollary 5.15. We begin by proving (5.5). Let ϕ : E → E ′ be an isogeny
of degree f to an elliptic curve with CM by OK as in Lemma 5.11. Let mℓ := mℓ(E ′)
and let c :=
∏
ℓ prime ℓ
mℓ . First we consider the case where K ⊂ k. Then taking a
product over all primes in Theorem 5.13 gives
#
Br(E × E)
Br1(E × E) | f
2 · c2. (5.6)
By Lemma 5.5 we have Kc ⊂ kK = k and hence 2 · [Kc : K] ≤ [k : Q]. Now
Proposition 4.2 gives
c ≤ 3 · [Kc : K]2 < [k : Q]2,
which gives the desired upper bound in this case.
Now we assume that K 6⊂ k. Taking a product over all primes in Theorem 5.13
gives
#
Br(E × E)
Br1(E × E) | 4 · f · c. (5.7)
For K /∈ {Q(i),Q(ζ3)}, Proposition 4.2 gives
c ≤ [k : Q]2, (5.8)
since Kc ⊂ kK by Lemma 5.5. (Note that (5.8) holds for K = Q(
√−7) since [k :
Q] ≥ 2.) Now the desired upper bound follows by noting that 4·f·[k : Q]2 ≤ f·[k : Q]4
when [k : Q] ≥ 2. For K = Q(ζ3), Theorem 5.13 and Remark 5.14 yield
#
Br(E ×E)
Br1(E × E) | f
2 · c (5.9)
and Proposition 4.2 gives c ≤ 3 · [Kc : K]2 ≤ 3 · [k : Q]2 < [k : Q]4. For K = Q(i),
Proposition 4.2 shows that the only possible value of c violating the desired bound
c ≤ [k : Q]2 is c = 5. But if c = 5 then Theorem 5.13 and Remark 5.14 give
#
Br(E ×E)
Br1(E × E) | 2 · f
2 · c = 10 · f2 < f2 · [k : Q]4. (5.10)
This completes the proof of (5.5).
For the divisibility statement (5.4), we first claim that ifmℓ ≥ 1 then ℓmℓ−1 | [k : Q].
We have Kℓmℓ ⊂ Kc ⊂ kK so [Kℓmℓ : K] | [k : Q]. By (4.1),
[Kℓmℓ : K] = ℓ
mℓ−1 · hK
[O×K : O×ℓmℓ ]
·
(
ℓ−
(
∆K
ℓ
))
= ℓmℓ−1 · [Kℓ : K],
because O×ℓn = {±1} for all n ≥ 1. Thus, ℓmℓ−1 | [Kℓmℓ : K], proving the claim.
Now if mℓ ≥ 2 then ℓmℓ | ℓ2(mℓ−1) | [k : Q]2. It remains to deal with the primes ℓ
for which mℓ = 1. By (4.1) we have
[Kℓ : K] · [O×K : O×ℓ ] = hK ·
(
ℓ−
(
∆K
ℓ
))
.
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Therefore,
c | [k : Q]2 ·
∏
ℓ prime, ℓ∤[k:Q](
ℓ−
(
∆K
ℓ
))∣∣[O×K :O×ℓ ]·[k:Q]
ℓ.
Now observe that in all cases Theorem 5.13 and Remark 5.14 imply that
#
Br(E × E)
Br1(E × E) | 2 · f
2 · c2 (5.11)
to complete the proof of (5.4). 
Remark 5.17. Suppose that E has CM by OK . Using [New16, Theorem 2.6],
[New16, Theorem 2.8] and the bound |∆K | ≤ 2−11 · 78 · h8K (see (6.6) below), a
similar proof to that of Corollary 5.15 yields
#Br(E ×E)Γk ≤ 2−11 · 78 · [k : Q]12.
Corollary 5.18. Let E be an elliptic curve over a number field k with CM by an
order in an imaginary quadratic field K. Then, for k = Q,
#
Br(E × E)
Br1(E × E) ≤

4 if K = Q(
√−7);
8 if K = Q(i);
9 if K = Q(ζ3);
1 otherwise.
(5.12)
For [k : Q] ≥ 2,
#
Br(E × E)
Br1(E × E) ≤ [k : Q]
8. (5.13)
In all cases,
#
Br(E ×E)
Br1(E × E) | 2 · [k : Q]
8 ·
∏
ℓ prime, ℓ∤[k:Q](
ℓ−
(
∆K
ℓ
))∣∣[O×K :O×ℓ ]·[k:Q]
ℓ4. (5.14)
Proof. Let EndE = Of and let c be as in the proof of Corollary 5.15. To obtain (5.13)
and (5.14), repeat the proof of Corollary 5.15 noting that at each stage the bounds
given for c also apply to f by Corollary 4.5. We finish by proving (5.12). By Lemma 5.5
and Corollary 4.5, we have Kc = Kf = K; we will use this in our applications of
Proposition 4.2. If K /∈ {Q(√−7),Q(ζ3),Q(i)} then Proposition 4.2 shows that
c = f = 1. If f = 1 then the result follows from [New16, Theorem 3.1], Theorem 5.3
and Remark 5.4. Henceforth, suppose that f > 1 and K ∈ {Q(√−7),Q(ζ3),Q(i)}.
If K = Q(
√−7) then Proposition 4.2 shows that c, f ≤ 2. Thus, the result follows
from Theorem 5.13 if we can show that any elliptic curve E/Q with EndE = Z[
√−7]
satisfies E[2] 6= E[2](Q). Up to a quadratic twist (which does not change the Ga-
lois module structure of the 2-torsion), we may assume that E is the elliptic curve
[LMF19, Elliptic Curve 49.a.1], which has Mordell–Weil group Z/2Z.
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If K = Q(ζ3) then Proposition 4.2 shows that c, f ≤ 3. For f = 3, the result
follows directly from Theorem 5.13 and Remark 5.14 since 2 ∤ ∆K . For f = 2 we
must verify that any elliptic curve E/Q with EndE = Z[
√−3] satisfies E[2] 6=
E[2](Q). As above, we need only check this for one specific curve since AutE = {±1}
and hence any twist of E/Q is a quadratic twist. We can take E to be [LMF19,
Elliptic Curve 36.a.1] which has Mordell–Weil group Z/2, for example.
If K = Q(i) then (4.1) shows that c, f ≤ 2. By the same reasoning as above, the
result follows from the fact that the elliptic curve [LMF19, Elliptic Curve 32.a.1] has
Mordell–Weil group Z/2.

6. The transcendental part of the Brauer group of a product of
CM elliptic curves
In this section we give uniform bounds on the transcendental part of the Brauer
group of a product E1 × E2 of CM elliptic curves. The curves may or may not be
isogenous – we deal with these two cases separately. In the case where E1 and E2 are
isogenous we will use the isogeny to reduce to the case where E1 = E2, which was
dealt with in the previous section. We begin by bounding the difference in size of the
transcendental parts of the Brauer groups of isogenous abelian varieties in terms of
the degree of the isogeny.
Proposition 6.1. Let A and A′ be abelian varieties of dimension g over a field k
of characteristic 0. Suppose that there exists a k-isogeny φ : A → A′ of degree d.
Then the kernel of the induced map φ∗ : BrA′ → BrA is contained in BrA′[d].
Consequently,
#(BrA′)Γk | dg(2g−1)−ρ ·#(BrA)Γk
and
#
BrA′
Br1A′
| dg(2g−1)−ρ ·# BrA
Br1A
,
where ρ is the rank of NSA′ and we have 1 ≤ ρ ≤ g2.
Proof. The isogeny φ induces an injection of function fields φ∗ : k(A′) →֒ k(A) such
that [k(A) : φ∗k(A′)] = d. The map φ∗ : BrA′ → BrA coincides with the re-
striction map Resφ : Br k(A′) → Br k(A). Since Corφ ◦Resφ = [d], the kernel of
φ∗ : BrA′ → BrA is contained in BrA′[d]. The proof of [BN19, Lemma 4.2] shows
that #BrA′[d] = dg(2g−1)−ρ. The fact that 1 ≤ ρ ≤ g2 is well known.
To complete the proof, recall that for any abelian variety B, there is an injection
BrB/Br1B →֒ (BrB)Γk by definition of Br1B, and (BrB)Γk is finite by [SZ08,
Theorem 1.1]. The kernels of the induced maps φ∗ : (BrA′)Γk → (BrA)Γk and
φ∗ : BrA′/Br1A′ → BrA/Br1A are contained in the kernel of φ∗ : BrA′ → BrA. 
Next, we bound the degree of an isogeny between CM elliptic curves in terms of
the CM data.
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Proposition 6.2. Let E1 and E2 be elliptic curves over C with complex multiplication
by an order O of conductor f in an imaginary quadratic field K. Then there is an
isogeny ϕ : E1 → E2 such that
deg ϕ ≤ 2 · π−1 · f ·
√
|∆K |.
Proof. First note that all elliptic curves over C with CM by O are isogenous and
that, up to isomorphism, any isogeny between elliptic curves over C with CM by O
is of the form φa : Eb → Ea−1b for invertible O-ideals a and b. Here Eb corresponds
to C/b and φa is the natural map coming from the inclusion of lattices b ⊂ a−1b. See
[Cox89, Corollary 10.20], for example. We have deg φa = N(a) = [O : a] by [Cox89,
Lemma 11.26], for example. Note that replacing a by λa for λ ∈ K× corresponds to
replacing a−1b by a homothetic lattice and hence does not change the isomorphism
class of Ea−1b. A simple application of Minkowski’s theorem shows that there exists
an O-ideal c in the same ideal class as a such that N(c) ≤ 2 · π−1 · f ·√|∆K |, since
f2 · |∆K | is the absolute value of the discriminant of O. Therefore φc is a suitable
isogeny. 
Corollary 6.3. Let E1 and E2 be elliptic curves over C with complex multiplication
by orders with conductors f1 and f2, respectively, in an imaginary quadratic field K.
Then there is an isogeny ϕ : E1 → E2 such that
degϕ ≤ 2 · π−1 · f1 · f2 ·
√
|∆K |.
Proof. Lemma 5.11 shows the existence of isogenies φ1 : E1 → E ′1 and φ2 : E2 → E ′2
with degrees f1 and f2, respectively, where E
′
1 and E
′
2 have CM byOK . Proposition 6.2
shows the existence of an isogeny ϕ : E ′1 → E ′2 such that degϕ ≤ 2 ·π−1 ·
√|∆K |. Let
φˆ2 : E
′
2 → E2 be the dual of φ2. Now the isogeny φˆ2 ◦ϕ ◦ φ1 : E1 → E2 has degree at
most 2 · π−1 · f1 · f2 ·
√|∆K |, as desired. 
Now we combine the results obtained so far to obtain bounds for the transcendental
parts of Brauer groups of products of CM elliptic curves.
Theorem 6.4. Let k be a number field and let E1 and E2 be elliptic curves over k
with complex multiplication by orders with conductors f1 and f2, respectively, in an
imaginary quadratic field K. Let M/Kk be a finite extension such that there exists
an M-isogeny ϕ : E2,M → E1,M . Then
#
Br(E1 ×E2)
Br1(E1 × E2) ≤ 2
2 · π−2 · f21 · f22 · |∆K | · [M : Q]4.
Furthermore, if the class number of K is 1 then
#
Br(E1 × E2)
Br1(E1 ×E2) ≤ f
2
1 · f22 · [M : Q]4.
Note that by Proposition 2.5 we can choose M such that [M : Kk] | #O×K.
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Proof. For i = 1, 2 let ψi : Ei → E ′i be the k-isogeny of degree fi to an elliptic curve
over k with CM by OK provided by Lemma 5.11. Then ψ1,M ◦ϕ◦ψ∨2,M : E ′2,M → E ′1,M
is an M-isogeny. Thus, by Lemma 2.6, all isogenies E ′2 → E ′1 are defined over M .
Let θ : E ′2,M → E ′1,M be an isogeny of minimal degree. By Proposition 6.2,
deg θ ≤ 2 · π−1 ·
√
|∆K |. (6.1)
Now (id, θ) ◦ (ψ1,M , ψ2,M) : E1,M × E2,M → E ′1,M × E ′1,M is an M-isogeny of degree
f1f2 deg θ. Now by definition of the transcendental part of the Brauer group and by
Proposition 6.1,
#
Br(E1 ×E2)
Br1(E1 × E2) | #
Br(E1,M ×E2,M)
Br1(E1,M × E2,M) | (f1 · f2 · deg θ)
2 ·# Br(E
′
1,M ×E ′1,M)
Br1(E ′1,M × E ′1,M)
.
Recall that K ⊂M and hence [M : Q] ≥ 2, whereby Corollary 5.15 gives
#
Br(E ′1,M × E ′1,M)
Br1(E ′1,M ×E ′1,M)
≤ [M : Q]4.
Putting everything together yields the desired result. If the class number of K is 1
then all elliptic curves with CM by OK are isomorphic over k and hence deg θ = 1. 
The following result gives a bound which only depends on the degree of the field;
note that [kK : Q] ≤ 2 · [k : Q] in Theorem 6.5.
Theorem 6.5. Let k be a number field, let K be an imaginary quadratic field, and
let E1 and E2 be elliptic curves over k, each with (not necessarily full) CM by K.
Then
#
Br(E1 × E2)
Br1(E1 × E2) < 2
−9 · 78 · π−2 · [Kk : Q]12.
Proof. For i = 1, 2, let EndEi = Ofi. If hK = 1 then the result follows from the second
statement of Theorem 6.4 and the fact that for i = 1, 2 we have fi ≤ 3 · [Kk : K]2
by Corollary 4.5. Henceforth we assume that hK ≥ 2, whereby O×K = {±1}. Now
Theorem 6.4 gives
#
Br(E1 × E2)
Br1(E1 × E2) ≤ 2
6 · π−2 · f21 · f22 · |∆K | · [Kk : Q]4. (6.2)
We must bound |∆K | in terms of [Kk : Q]. To do this, we argue as follows. By
[Bes03, pp. 240-241],
4
√|∆K |
log(
√|∆K |) ≤ c0 · hK , (6.3)
where c0 :=
e·π·(2+√3)·e2/(2+
√
3)
2
≈ 27.233. For |∆K | ≥ (6.6) · 1018, we have
8
√
227 · |∆K | ≤
4
√|∆K |
log(
√|∆K |) (6.4)
whereby (6.3) gives
|∆K | ≤ 2−27 · c80 · h8K . (6.5)
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Hence, |∆K | ≤ max{2−27·c80·h8K , (6.6)·1018}. If hK > 100 then max{2−27·c80·h8K , (6.6)·
1018} = 2−27 · c80 · h8K , whereby in this case (6.5) holds for every value of |∆K |. On
the other hand, [Wat04, Table 4] shows that (6.5) remains true for hK ≤ 100. In
particular, since c0 < 28, we always have
|∆K | < 2−11 · 78 · h8K . (6.6)
Substituting (6.6) into (6.2) gives
#
Br(E1 ×E2)
Br1(E1 × E2) < 2
−5 · 78 · π−2 · f21 · f22 · h8K · [Kk : Q]4. (6.7)
Now Proposition 4.1 gives
fi · h2K ≤ 2 · [Kfi : K]2 (6.8)
for i = 1, 2. Recall from Corollary 4.5 that Kfi ⊂ Kk. Therefore, [Kfi : K] ≤
2−1 · [Kk : Q] and substituting this into (6.8) gives
fi · h2K ≤ 2−1 · [Kk : Q]2. (6.9)
Substituting this into (6.7) yields the result. 
Remark 6.6. Using Remark 5.17, a similar proof to that of Theorem 6.5 yields,
under the same assumptions, an explicit bound for #Br(E1 ×E2)Γk depending only
on [k : Q].
Remark 6.7. In the context of Theorem 6.5, we can use (6.6), (6.9) and Corollary 6.3
to obtain the existence of a k-isogeny ϕ : E1 → E2 with
deg ϕ < 2−5/2 · π−1 · 74 · [k : Q]4. (6.10)
If we are willing to assume the Generalised Riemann Hypothesis (GRH), in certain
cases we can obtain a better bound as follows. By [GR14, Theorem 1.4], there exists
a k-isogeny ϕ : E1 → E2 with
degϕ ≤ (3.4) · 104 · [k : Q]2 ·max
{
hF (E1) +
1
2
· log([k : Q]), 1
}2
(6.11)
where hF is the stable Faltings height. If we assume GRH, then by [Win18, Corollary
2.18] we get hF (E1) ≤ (2.73) · (109 + log([k : Q])). Hence, in this case,
degϕ ≤ (3.4) · 104 · [k : Q]2 ·
(
(2.73) · (109 + log([k : Q])) + 1
2
· log([k : Q])
)2
,
which improves on the bound (6.10) whenever [k : Q] ≥ 5159.
Theorem 6.8. Let E1 and E2 be geometrically non-isogenous full CM elliptic curves
over a number field k. Then
#
Br(E1 ×E2)
Br1(E1 × E2) ≤
∏
prime ℓ≤C
ℓ4⌊logℓ(C)⌋,
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where, letting d := [k : Q], the constant C := C(d) can be taken to be
9·10342·d36·
(
m+ log
√
d
)2
·
(
273 ·m+ 2449 · log d+ 272 · log(m+ log
√
d) + 9 · 104
)64
where
m := 2 · 73 · d2 · (log(2−11 · 78 · d8))2 · (log(2−11 · 3 · 78 · d8))2 + (3.2) · 105.
Proof. Let hF denote the stable Faltings height. By [Win18, Proposition 2.16],
hF (Ei) ≤ 2−1 · 7 ·
√
|∆Ki| · (log(3 · |∆Ki|))2 + (3.2) · 105, (6.12)
for i = 1, 2. Squaring both sides of (6.3), using c0 < 28, and substituting into (6.12)
gives
hF (Ei) < 2 · 73 · h2Ki · (log |∆Ki|)2 · (log(3 · |∆Ki|))2 + (3.2) · 105, (6.13)
for i = 1, 2. Corollary 4.5 implies that for i = 1, 2 we have hKi ≤ [k : Q] =: d.
Substitute this along with (6.6) into (6.13) to obtain
max{1, hF (E1), hF (E2)} < m.
By [CFTTV16, Corollary 4.13] we deduce that
#
Br(E1 ×E2)
Br1(E1 × E2) ≤
∏
prime ℓ≤C
ℓ4⌊logℓ(C)⌋,
where C can be taken as in the statement of Theorem 6.8. 
Corollary 6.9. Let E1 and E2 be geometrically non-isogenous (not necessarily full)
CM elliptic curves over a number field k. Then
#
Br(E1 × E2)
Br1(E1 × E2) ≤ [k : Q]
8 ·
∏
prime ℓ≤C
ℓ4⌊logℓ(C⌋,
where C := C([k : Q]) is the constant appearing in the statement of Theorem 6.8.
Proof. For i = 1, 2, let Ei have CM by an order of conductor fi inKi. Let ϕi : Ei → E ′i
be the k-isogeny of degree fi to an elliptic curve E
′
i/k with CM by OKi, coming from
Lemma 5.11. Then the k-isogeny
(ϕˆ1, ϕˆ2) : E
′
1 ×E ′2 → E1 ×E2
has degree f1 · f2. By Proposition 6.1,
#
Br(E1 ×E2)
Br1(E1 × E2) | (f1 · f2)
2 ·# Br(E
′
1 × E ′2)
Br1(E
′
1 × E ′2)
.
By Corollary 4.5 we have f1, f2 ≤ max{[k : Q]2, 7}, whence it follows that
#
Br(E1 × E2)
Br1(E1 × E2) ≤ max{[k : Q]
8, 74} ·# Br(E
′
1 × E ′2)
Br1(E
′
1 × E ′2)
.
Now apply Theorem 6.8 to E ′1×E ′2 and note that in the exceptional cases where one
of the fi is greater than [k : Q]
2 the bound of Theorem 6.8 is large enough that we
can still use [k : Q]8 in place of 74. 
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Remark 6.10. Using Remark 5.17, a similar proof to the one above yields, under
the same assumptions as in Corollary 6.9, an explicit bound, uniform in [k : Q], for
#Br(E1 × E2)Γk .
7. Uniform bound results for certain classes of abelian and K3
surfaces
Let k be a number field. In this section, we use the results obtained for products
of CM elliptic curves in Section 6 alongside the results of Sections 2 and 3 to deduce
bounds on the transcendental parts of the Brauer groups of singular abelian surfaces
in Ak and certain elements of Kk related to products of CM elliptic curves. At several
points we use the fact that for a variety X/k and a finite extension L/k we have
BrX
Br1X
→֒ BrXL
Br1XL
. (7.1)
We begin with the results for abelian surfaces.
Theorem 7.1. Let Λ be a rank 4 lattice containing a hyperbolic plane, let K :=
Q(
√
disc Λ), and let A ∈ Ak,Λ. Then
#
BrA
Br1A
≤ 218 · 34 · π−2 · |∆K |−1 · | disc Λ|2 · (#O×K)8 · [k : Q]4.
If K has class number 1 then
#
BrA
Br1A
≤ 216 · 34 · |∆K |−2 · | disc Λ|2 · (#O×K)8 · [k : Q]4.
Proof. By Proposition 2.3, there exist a finite extension L/k and elliptic curves E1
and E2 over L such that
AL ∼= E1 ×E2.
Now Lemma 2.2 shows that E1 and E2 are CM and geometrically isogenous. Fur-
thermore, Corollary 2.9 shows that the CM field is K and
disc Λ = disc NS(E1 × E2) = lcm(f1, f2)2 ·∆K
where E1 and E2 have CM by orders in K of conductors f1 and f2, respectively.
Proposition 2.3 yields [L : k] | 24 · 3 · #O×K and its proof shows that K ⊂ L. The
result follows from (7.1) and Theorem 6.4 applied to AL. 
The next result gives a bound which only depends on [k : Q].
Theorem 7.2. Let A ∈ Ak with rankNSA = 4. Then
#
BrA
Br1A
< 251 · 324 · 78 · π−2 · [k : Q]12.
Proof. By Proposition 2.3 there exist a finite extension L/k with [L : k] ≤ 25 · 32 and
elliptic curves E1 and E2 over L such that
AL ∼= E1 ×E2.
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By Lemma 2.2 and Corollary 2.9, E1 and E2 are geometrically isogenous and have
CM by an imaginary quadratic field K. The proof of Proposition 2.3 shows that
K ⊂ L. Now the result follows from (7.1) and Theorem 6.5 applied to AL. 
Next we give our results for K3 surfaces related to products of CM elliptic curves.
The bounds obtained depend on whether the elliptic curves are isogenous.
Theorem 7.3. Let Λ be the Ne´ron–Severi lattice of the Kummer surface of a product
of isogenous (not necessarily full) CM elliptic curves over k, let K := Q(
√
disc Λ),
and let X ∈ Kk,Λ. Then
#
BrX
Br1X
≤ 234 · 34 · π−2 · |∆K |−1 · | disc Λ|2 · (#GL20(F3))4 · (#O×K)8 · [k : Q]4.
If K has class number 1 then
#
BrX
Br1X
≤ 232 · 34 · |∆K |−2 · | disc Λ|2 · (#GL20(F3))4 · (#O×K)8 · [k : Q]4.
Proof. By Proposition 3.4, Theorem 3.5, and Proposition 3.8, there exist a finite
extension L/k and geometrically isogenous (not necessarily full) CM elliptic curves
E1 and E2 over L such that XL ∼= Kum(E1×E2). Corollary 3.13 shows that the CM
field is K and
| disc Λ| = | discNS(Kum(E1 × E2))| = 22 · lcm(f1, f2)2 · |∆K |,
where E1 and E2 have CM by orders in K of conductors f1 and f2, respectively. By
Remark 3.7, Theorem 3.5, and Proposition 3.8, we may assume that
[L : k] ≤ 2 ·#GL20(F3) · 24 · 3 ·#O×K · 24 = 29 · 3 ·#GL20(F3) ·#O×K .
Moreover, the proofs of Theorem 3.5 and Proposition 2.3 show that K ⊂ L. The
result now follows from (7.1), [SZ12, Theorem 2.4] (cf. Corollary 3.10), and Theo-
rem 6.4. 
Theorem 7.4. Let X ∈ Kk be such that rankNSX = 20. Then
#
BrX
Br1X
< 235 · 34 · 78 · π−2 · (#GL20(F3))4 · [k : Q]12.
Proof. Let c = disc T (XC) be the discriminant of the transcendental lattice ofXC and
let K = Q(
√
c). Define f ∈ Z>0 by letting c = f2 ·∆K . Then by [Sch10, Theorem 2],
the ring class field Kf is contained in kK and hence
[Kf : K] ≤ [kK : K] ≤ [k : Q]. (7.2)
By Proposition 3.4, Theorem 3.5 and Proposition 3.8, there exist a finite extension
L/k and geometrically isogenous (not necessarily full) CM elliptic curves E1 and
E2 over L such that XL ∼= Kum(E1 × E2). Since | discT (XC)| = | discNS(XC)|,
Corollary 3.13 shows that the CM field is K and
|c| = | discNS(Kum(E1 × E2))| = 22 · lcm(f1, f2)2 · |∆K |, (7.3)
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where E1 and E2 have CM by orders in K of conductors f1 and f2, respectively.
Therefore, f = 2 · lcm(f1, f2) is even. Now Proposition 4.1 combined with (7.2) gives
f · h2K ≤ 2 · [Kf : K]2 ≤ 2 · [k : Q]2
and hence
fi · h2K ≤ [k : Q]2 (7.4)
for i = 1, 2. By Remark 3.7, Theorem 3.5, and Proposition 3.8, we may assume that
[L : k] ≤ 2 ·#GL20(F3) · 24 · 3 ·#O×K · 24 = 29 · 3 ·#GL20(F3) ·#O×K . (7.5)
Moreover, the proofs of Theorem 3.5 and Proposition 2.3 show that K ⊂ L. By (7.1)
and [SZ12, Theorem 2.4] (cf. Corollary 3.10) we have
BrX
Br1X
→֒ Br(E1 ×E2)
Br1(E1 ×E2) .
Now Theorem 6.4 gives
#
Br(E1 × E2)
Br1(E1 ×E2) ≤ 2
2 · π−2 · f21 · f22 · |∆K | · [M : Q]4. (7.6)
where M is an extension of L with [M : L] ≤ #O×K . Recall from (6.6) that
|∆K | < 2−11 · 78 · h8K . (7.7)
Substituting this into (7.6) gives
#
Br(E1 × E2)
Br1(E1 × E2) < 2
−9 · 78 · π−2 · f21 · f22 · h8K · [M : Q]4. (7.8)
Using our bound on [M : L] along with (7.4) and (7.5) in (7.8) yields
#
Br(E1 × E2)
Br1(E1 ×E2) < 2
27 · 34 · 78 · π−2 · (#GL20(F3))4 · (#O×K)8 · [k : Q]12. (7.9)
For K /∈ {Q(i),Q(ζ3)}, we have O×K = {±1} and the result follows. For K ∈
{Q(i),Q(ζ3)} the bound on |∆K | given by (6.6) is very large relative to |∆K | so the
desired statement holds true also in these cases, despite the presence of extra roots
of unity in K. 
Theorem 7.5. Let X/k be a singular K3 surface, i.e. a K3 surface with rankNSX =
20. Then
#
BrX
Br1X
< 249 · 34 · 78 · π−2 · (#GL20(F3))16 · [k : Q]12.
Proof. The proof of [Sha96, Theorem 1] shows that there is a double cover ϕ :
Y 99K X such that Y and ϕ are defined over an extension k′/k of degree at most
2 ·#GL20(F3) and Y is a Kummer surface with rankNSY = 20. Theorem 7.4 gives
#
BrY
Br1 Y
< 235 · 34 · 78 · π−2 · (#GL20(F3))4 · [k′ : Q]12
≤ 247 · 34 · 78 · π−2 · (#GL20(F3))16 · [k : Q]12.
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The proof of [IS15, Corollary 2.2] shows that ϕ induces a map ϕ∗ : BrXk′/Br1Xk′ →
Br Y/Br1 Y whose kernel is killed by 2. Therefore, kerϕ →֒ BrX [2] and, using (7.1),
this yields
#
BrX
Br1X
≤ #BrX [2] ·# BrY
Br1 Y
.
Now use that BrX ∼= (Q/Z)2, as follows from work of Grothendieck. 
Theorem 7.6. Let X ∈ Kk be geometrically isomorphic to the Kummer surface of
the product of two non-isogenous (not necessarily full) CM elliptic curves over C.
Then there exists an explicit constant C([k : Q]) such that
#
BrX
Br1X
≤ C([k : Q]).
Proof. Let E1 and E2 be non-isogenous (not necessarily full) CM elliptic curves over
C such that XC ∼= Kum(E1×E2). By Remark 3.7, Theorem 3.5, and Proposition 3.8,
there exist a finite extension L/k with [L : k] ≤ 26 · #GL20(F3) and elliptic curves
E and E ′ over L such that XL ∼= Kum(E × E ′). Therefore, Kum(E × E ′)C ∼=
Kum(E1 ×E2) and hence there exists a Hodge isometry between the transcendental
lattices of Kum(E1 × E2) and Kum(E × E ′)C. Since the transcendental lattices of
Kummer surfaces are Hodge-isometric if and only if the transcendental lattices of
the underlying abelian surfaces are Hodge-isometric, it follows that transcendental
lattice of E1 × E2 is Hodge-isometric to the transcendental lattice of EC × E ′C. By
[Ste07, Theorem 1.2], this implies that EC×E ′C and E1×E2 are isogenous. Therefore,
End(EC × E ′C)⊗Z Q ∼= End(E1 × E2)⊗Z Q = End(E1)⊗Z Q× End(E2)⊗Z Q,
where the equality on the right-hand side holds since E1 and E2 are not isogenous.
It follows that E and E ′ are geometrically non-isogenous elliptic curves with (not
necessarily full) CM by distinct imaginary quadratic fields. Now the result follows
from (7.1), [SZ12, Theorem 2.4] (cf. Corollary 3.10), and Corollary 6.9. Explicitly,
letting d := 26 ·#GL20(F3) · [k : Q], we can take
C([k : Q]) = d8 ·
∏
prime ℓ≤C′(d)
ℓ4⌊logℓ(C
′(d))⌋,
where C ′(d) is given by
9·10342·d36·
(
m+ log
√
d
)2
·
(
273 ·m+ 2449 · log d+ 272 · log(m+ log
√
d) + 9 · 104
)64
and m := 2 · 73 · d2 · (log(2−11 · 78 · d8))2 · (log(2−11 · 3 · 78 · d8))2 + (3.2) · 105. 
Theorem 7.7. Let X/k be a singular K3 surface or a surface that is geometrically
isomorphic to the Kummer surface of the product of elliptic curves E1 and E2 over
C, where Ei has CM by an order Oi in a CM field Ki for i = 1, 2. Then X(Ak)Br is
effectively computable.
Proof. This follows from [KT11, Theorem 1], [PTvL15, Theorem 8.38], Theorems 7.4,
7.5, 7.6, and Remark 1.3. 
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